Yale University

EliScholar – A Digital Platform for Scholarly Publishing at Yale
Cowles Foundation Discussion Papers

Cowles Foundation

11-1-1998

Fiat Money and the Efficient Financing of the Float, Production
and Consumption. Part I: The Float
Martin Shubik

Follow this and additional works at: https://elischolar.library.yale.edu/cowles-discussion-paper-series
Part of the Economics Commons

Recommended Citation
Shubik, Martin, "Fiat Money and the Efficient Financing of the Float, Production and Consumption. Part I:
The Float" (1998). Cowles Foundation Discussion Papers. 1450.
https://elischolar.library.yale.edu/cowles-discussion-paper-series/1450

This Discussion Paper is brought to you for free and open access by the Cowles Foundation at EliScholar – A
Digital Platform for Scholarly Publishing at Yale. It has been accepted for inclusion in Cowles Foundation
Discussion Papers by an authorized administrator of EliScholar – A Digital Platform for Scholarly Publishing at
Yale. For more information, please contact elischolar@yale.edu.

COWLES FOUNDATION FOR RESEARCH IN ECONOMICS
AT YALE UNIVERSITY
Box 2125, Yale Station
New Haven, Connecticut 06520

COWLES FOUNDATION DISCUSSION PAPER NO. 1202

Note: Cowles Foundation Discussion Papers are preliminary materials
circulated to stimulate discussion and critical comment.
Requests for single copies of a Paper will be filled by the
Cowles Foundation within the limits of the supply. References
in publications to Discussion Papers (other than mere
acknowledgment by a writer that he has access to such
unpublished material) should be cleared with the author to
protect the tentative character of these papers.

FIAT MONEY AND THE EFFICIENT FINANCING
OF THE FLOAT, PRODUCTION AND CONSUMPTION.
PART I: THE FLOAT
Martin Shubik
November 1998

Ildw Prqh| dqg wkh H!flhqw Ilqdqflqj
ri wkh Iordw/ Surgxfwlrq dqg Frqvxpswlrq
Sduw L= Wkh Iordw
Pduwlq Vkxeln
Rfwrehu 4<<;
Devwudfw
Wkh edvlf glvwlqfwlrq lq wkh rswlpl}dwlrq frqglwlrqv ehwzhhq wkh jhqhudo htxl0
oleulxp prgho ri d W shulrg h{fkdqjh hfrqrp| dqg d vwudwhjlf pdunhw jdph
surfhvv prgho lv ehwzhhq d vhw ri htxdwlrqv krprjhqhrxv ri rughu }hur dqg d
vhw ri qrqkrprjhqhrxv htxdwlrqv1 Wkh odwwhu kdyh dq dprxqw P ri rxwvlgh ru
dw prqh| dgghg wr wkh v|vwhp1 Li wkhuh lv dq rxwvlgh edqn zloolqj wr ohqg ru
dffhsw ghsrvlwv dw dq lqwhuhvw udwh  A 3 dw wkh hqg ri wlph W wkh lqlwldo dprxqw
ri prqh| P zloo kdyh ehhq frqvxphg lq lqwhuhvw sd|phqwv wr wkh rxwvlgh edqn1
Wkh sulfh ohyho lv ixoo| ghwhuplqhg dqg lq dq hfrqrp| zkhuh doo dvvhwv duh wudghg/
wkh rdw lv qdqfhg h!flhqwo|/ rwkhuzlvh wkhuh lv d sulfh zhgjh ehwzhhq ex|lqj
dqg vhoolqj sulfhv1
Nh| zrugv= Ildw prqh|/ rdw/ vwudwhjlf pdunhw jdphv1
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Lqwurgxfwlrq

Irxu prghov ri wudgh duh h{dplqhg1 Wkh| duh d jhqhudo htxloleulxp prgho ri h{fkdqjh>
wkhq wkuhh pdunhw prghov zklfk duh ghqhg lq ghwdlo ehorz/ wkh| duh= d vhoodoo
vwudwhjlf pdunhw jdph zlwk frpsohwh pdunhwv> d vhoodoo pdunhw jdph zlwk rqo| vsrw
pdunhwv dqg d elgrhu vwudwhjlf pdunhw jdph zlwk frpsohwh pdunhwv1 Lq wkh uvw
prgho wkh lqwurgxfwlrq ri dw prqh| dqg d prqh| udwh ri lqwhuhvw lv luuhohydqw1 Lq
wkh rwkhu wkuhh prghov wkh h{lvwhqfh ri dw prqh| dv dq dvvhw sod|v dq hvvhqwldo uroh
zkhq wkhuh lv d srvlwlyh udwh ri lqwhuhvw1 Zkhq wkh udwh ri lqwhuhvw lv }hur dqg wkhuh lv
d srvlwlyh lqlwldo vxsso| ri dw prqh| dv dq dvvhw/ rqo| sdwkrorjlfdo qrqfrrshudwlyh
htxloleuld h{lvw zkhuh hlwkhu wkhuh lv xqerxqghg eruurzlqj ru qr wudgh1
Wkh uhvxowv khuh vxjjhvw wkdw iru dq hfrqrp| lq zklfk wkhuh lv dq| dprxqw ri
prqh| wlhg xs lq wudqvdfwlrqv odjv/ li wkh udwh ri lqwhuhvw lv qrw }hur wkhq d qrq}hur
dprxqw ri dw khog dv dq dvvhw zlwk qr rvhwwlqj ghew djdlqvw lw pd| eh xvhg wr
qdqfh wkh rdw dqg lq wkh lqvwdqfh ri d vhoo doo hfrqrp| wudgh zloo eh Sduhwr
rswlpdo dqg zrxog eh wkh vdph dv lq d jhqhudo htxloleulxp hfrqrp| li wkh prqh| lv
glvwulexwhg lq sursruwlrq wr rzqhuvkls fodlpv> rwkhuzlvh dq| rwkhu glvwulexwlrq uhvxowv
lq d oxps vxp uhglvwulexwlrq dqg d uroh iru dq lqvlgh prqh| pdunhw dqg qdqflhuv
dsshduv1
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Irxu Prghov ri Wudgh

Zh zloo looxvwudwh rxu revhuydwlrqv zlwk dq hfrqrp| lqyroylqj q w|shv ri wudghu hdfk
wudglqj lq p jrrgv iru W shulrgv1 Iru vlpsolflw| zh ehjlq zlwk rqo| frqvxphu
shulvkdeohv1 Surgxfwlrq ru lqyhqwru|lqj ri gxudeoh frqvxpdeohv lqwurgxfh ixuwkhu
vwudwhjlf iuhhgrp lq wkh prghov dqg duh wuhdwhg vhsdudwho|1
Frqvlghu q w|shv ri wudghu/ zkhuh d wudghu l kdv wkh xwlolw| ixqfwlrq
* +{ > ===> {6A ,=
Wudghu l kdv dq lqlwldo hqgrzphqw ri +d > ===> d6A ,1
Prgho 4= Wkh Jhqhudo Htxloleulxp Prgho
Wkh uvw rughu rswlpl}dwlrq frqglwlrqv iru wklv jhqhudo htxloleulxp h{fkdqjh hfrq0
rp| prgho duh jlyhq e|=
pd{lpl}h J @ *





+{ > ==={6A , . 

A
6 [
[
 ' |'

s| +d|  {| ,

CJ
C*
@3,
  s| @ 3/ ru
C{|
C{|
C*
C{|
@  iru l @ 4> ===> q/ m @ 4> ===> p dqg w @ 4> ===> W=
s|
4

+4,

+5,

CJ @C @ 3 |lhogv
6 [
A
[
 ' |'

s| +d|  {| , @ 3 iru l @ 4> ===> q=

+6,

Zh rewdlq qpW htxdwlrqv iurp +5,/ q htxdwlrqv iurp +6, dqg d ixuwkhu pW
htxdwlrqv iurp
?
[
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+d|  {| , @ 3 iru m @ 4> ===> p dqg w @ 4> ===> W

+7,

|lhoglqj qpW . pW . q frqglwlrqv wr ghwhuplqh
qpW
pW
q

yduldeohv {|
yduldeohv s|
yduldeohv 

exw zlwk shulvkdeohv wkhuh lv dq duelwudu| vfdolqj ri sulfh hdfk shulrg1
Xqghu zhoo nqrzq uhdvrqdeoh frqglwlrqv +Gheuhx/ 4<8<, dw ohdvw rqh vhw ri uhod0
wlyh sulfhv zklfk fohdu doo pdunhwv h!flhqwo| h{lvw dqg devroxwh sulfhv fdq eh vfdohg
duelwudulo| lq hdfk shulrg1
Zh zloo looxvwudwh rxu jhqhudo revhuydwlrqv zlwk d vlpsoh h{dpsoh lqyroylqj wzr
w|shv ri wudghu hdfk wudglqj lq wzr jrrgv1
Frqvlghu wzr w|shv ri wudghu/ doo zlwk wkh vdph xwlolw| ixqfwlrq
*+{> |, @ {|=
Wudghuv ri w|sh 4 kdyh dq lqlwldo hqgrzphqw ri +d> 3, dqg w|sh 5 kdyh dq lqlwldo
hqgrzphqw ri +3> d,1
Wkh jhqhudo htxloleulxp prgho iru wklv h{dpsoh lv wulyldoo| hdv|1 E| frqvlghudwlrq
  
ri v|pphwu| lw lv hdv| wr revhuyh wkdw wkh htxloleulxp hqgrzphqwv zloo eh @2 @2
dqg wkh qdo xwlolw| iru doo djhqwv lv d2 @71 Qhyhuwkhohvv dv zh zloo qhhg prvw ri wkh
qrwdwlrq/ wkh ixoo irupdo qrwdwlrq lv ghyhorshg1
Ohw s @ wkh sulfh ri wkh mwk frpprglw| m @ 4> 5> { @ wkh frqvxpswlrq ri 4 e|
l> dqg | @ wkh frqvxpswlrq ri 5 e| l1
Wkh jhqhudo htxloleulxp h{fkdqjh sureohp lv ghqhg dv=
pd{lpl}h { | 
vxemhfw wr +d  { ,s  |  s2 @ 3 iru wudghu 4
pd{lpl}h {2 | 2
vxemhfw wr {2 s . +d  | 2 ,s2 @ 3
zkhuh dv wkh sulfh qrupdol}dwlrq lv duelwudu| zh pd| vhw s @ 4 wkxv
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Zh pd| rswlpl}h wkh wzr Odjudqjldqv
J @
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Wkh yduldeohv duh { / {2 / |  / | 2 / s2 /  dqg 2 1 Lw lv hdv| wr fkhfn wkdw

+43,
+44,
+45,

{ @ {2 @ |  @ | 2 @ d@5/ s @ s2 @ 4 dqg  @ 2 @ d@5
surylghv wkh vroxwlrq1
Zh qrz uhprgho wklv vlpsoh vlwxdwlrq lq wkuhh glhuhqw zd|v dv vwudwhjlf pdunhw
jdphv zkhuh lqglylgxdov xwlol}h d dw prqh| wr ex| exw uhfhlyh wkhlu lqfrphv iurp
dq| vdohv dw wkh vwduw ri wkh qh{w shulrg1
D vwudwhjlf pdunhw jdph lv d ixoo surfhvv prgho ri wudgh1 Lw lqfoxghv sulfh iru0
pdwlrq dqg uhtxluhv d phfkdqlvp zklfk ghqhv doo srwhqwldo rxwfrphv uhjdugohvv ri
rswlpdolw| frqglwlrqv/ l1h1/ zkdw kdsshqv iru hyhu| frpelqdwlrq ri ihdvleoh vwudwhjlhv1
Zh frqvlghu wkh vhoo0doo jdph +vhh Vkdsoh| dqg Vkxeln/ 4<::, lq wzr yhuvlrqv1
Prgho 5 lv wkh vhoodoo jdph zlwk doo ixwxuhv pdunhwv dqg Prgho 6 lv wkh vhoodoo jdph
zlwk rqo| vsrw pdunhwv1 Prgho 7 lv wkh elgrhu jdph +vhh Gxeh| dqg Vkxeln/ 4<:;,
zlwk doo ixwxuhv pdunhwv1
Wkh prgholqj uhtxluhphqwv ri d surfhvv prgho uhtxluh d krvw ri ghwdlov vxfk dv
zklfk pdunhwv h{lvw/ krz wkh| duh fohduhg> zkdw wkh dfwxdo ohqjwk ri wlph d shulrg
6

lv phdqw wr uhsuhvhqw> krz pdq| wlphv grhv d pdunhw phhw gxulqj d shulrg +ru krz
orqj lv lw rshq,1 Wkhvh ghwdlov wxuq rxw wr eh fulwlfdo lq glvfxvvlqj wkh yhorflw| ri
prqh| / wkh plqlpdo ohqjwk ri wlph iru zklfk dq lqwhuhvw udwh lv sdlg dqg wkh dprxqw
ri prqh| uhtxluhg wr uxq dq hfrqrp| h!flhqwo|1 Krzhyhu iru wkh sxusrvhv ri wklv
glvfxvvlrq zklfk lv dlphg dw surgxflqj d plqlpdo prgho wr looxvwudwh wkh uroh ri dw
prqh| lq qdqflqj wkh rdw/ vhyhudo udglfdo vlpsolfdwlrqv duh pdgh zklfk fdq doo
eh uhod{hg odwhu wr vwxg| wkh rwkhu skhqrphqd qrwhg1
Zh dvvxph wkdw doo wudgh lv sdlg iru lq fdvk1 Lqglylgxdov rhu jrrgv iru vdoh dqg
elg fdvk wr ex| wkh jrrgv1 Wkh pdunhw sulfh lv iruphg e| wkh dprxqw ri fdvk fkdvlqj
wkh dprxqw ri jrrgv rhuhg1 Lqglylgxdov duh sdlg diwhu wkh| kdyh vrog wkhlu jrrgv1
Hyhq li sd|phqwv zhuh pdgh d iudfwlrq ri d vhfrqg diwhu wkh pdunhw kdv fohduhg lw lv
dq hpslulfdo txhvwlrq dv wr zkhwkhu doo lqglylgxdov fdq vzhhs wkhlu lqfrplqj ixqgv
lqwr dq lqwhuhvw ehdulqj dffrxqw xqwlo wkh qh{w wlph wkh| qhhg wkh fdvk1
Lq wkh vhoodoo prghov zh dvvxph wkdw doo uhdo dvvhwv ri doo lqglylgxdov pxvw eh sxw
xs iru vdoh dw vrph pdunhw zklfk phhwv rqo| rqfh hdfk shulrg +vd| d 57 krxu gd|,1
Wkh plqlpdo wlph iru zklfk lqwhuhvw lv hduqhg e| dq lqglylgxdo lv rqh gd|/ wkxv fdvk
xwlol}hg iru d wudqvdfwlrq wrgd| ru lqfrph uhfhlyhg iurp wrgd| grhv qrw hduq lqwhuhvw
iru lwv gd| ri xvh +wkh dujxphqw zloo vwloo krog hyhq li wkh ohqjwk ri wkh shulrg lv dq|
qlwh w/ exw qrw }hur dv lq wkh DuurzGheuhx prgho,1 Rqh pd| dujxh wkdw lw lv
xquhdo wr uhtxluh wkdw d iduphu vhoo doo ri klv plon dqg ex| edfn wkdw zklfk wkh idplo|
frqvxphv1 Dv d uvw dssur{lpdwlrq lw pd| eh d ehwwhu dssur{lpdwlrq wr uhdolw| wkdq
wkh jhqhudo prgho lq zklfk lqglylgxdov ex| dqg vhoo doo frpprglwlhv11 Lq idfw prvw
shrsoh duh qrw wudghuv1 Wkh| gr qrw vkliw iurp ex|lqj wr vhoolqj frhh zkhq lwv sulfh
jrhv xs d groodu1
Wkh irxuwk prgho vwxglhg lv wkh elgrhu prgho lq zklfk zh shuplw lqglylgxdov
wr dfw dv wudghuv lq doo frpprglwlhv1
Prgho 5= Wkh VhooDoo Jdph zlwk Doo Pdunhwv
E| doo pdunhwv zh phdq wkdw hyhu| ixwxuhv pdunhw h{lvwv1 Wkxv doo wudghv iru doo
W shulrgv pd| eh uhjdughg dv wdnlqj sodfh vlpxowdqhrxvo|1 Dw shulrg 4 wkhuh duh
pW pdunhwv dydlodeoh1 Wkhuh lv d pdunhw iru wkh vsrw gholyhu| ri jrrg m dqg iru lwv
gholyhu| dw hyhu| shulrg lq wkh ixwxuh1 Lq hvvhqfh/ dv lq wkh jhqhudo htxloleulxp prgho/
lqglylgxdo dfwlrq lv uhsuhvhqwhg lq vwudwhjlf irup zlwk wkh jdph froodsvhg lqwr rqh
shulrg1
Zh frqvlghu d vwudwhjlf pdunhw jdph zlwk q w|shv ri wudghu/4 p jrrgv dqg W
wlph shulrgv1
Wkh hqgrzphqw ri dq djhqw ri w|sh l lv +d > ===> d6A > P  , zkhuh +P  > P 2 > ===> P ? ,
lv wkh glvwulexwlrq ri dw1 Vxssrvh wkdw wkhuh lv dq rxwvlgh edqn zklfk vwdqgv uhdg|
wr dffhsw ghsrvlwv ru ohqg dw d udwh ri lqwhuhvw 1
Ohw g @ wkh dprxqw eruurzhg +., ru ghsrvlwhg +, e| l1
4
Zlwkrxw jrlqj lqwr wkh whfkqlfdo ghwdlov zh dvvxph wkdw hdfk w|sh ri wudghuv lv uhsuhvhqwdwlyh ri
d pdvv ri vlplodu vpdoo wudghuv wkxv zh fdq dvvxph wkdw wkh| uhjdughg wkhpvhoyhv dv vr lqvljqlfdqw
wkdw wkh| kdyh qr lq xhqfh ryhu sulfh1 Vhh/ iru h{dpsoh/ Gxeh| dqg Vkdsoh|/ 4<<71
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Ohw e| @ wkh dprxqw elg e| l lq pdunhw mw1
6 [
A
[

e|  3 dqg

 ' |'

e|  P  . g =

D vwudwhj| e| dq djhqw ri w|sh l lv jlyhq e|
+g > e > ===> eA ,=
Wkh h{whqvlyh irup ri wkh jdph lv lqglfdwhg lq Iljxuh 41

finance d i
bid bjti
Receive income and
settle the financing

Iljxuh 4
Zlwk qr xqfhuwdlqw| dqg doo ixwxuhv pdunhwv/ dowkrxjk jrrgv zloo eh gholyhuhg iru
W shulrgv wkhuh lv qr qhhg iru pdunhw dfwlylw| diwhu wkh uvw shulrg/ khqfh wkhuh lv qr
qhhg iru prqh| iru wudgh eh|rqg wkh uvw shulrg1
Wkh pd{lpl}dwlrq sureohp ri dq lqglylgxdo ri w|sh l fdq eh vwdwhg dv=
pd{ * +{ > ===> {6A ,

_ cK|

6 [
A
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vxemhfw wr
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^s| +d|  {| , . P   g `  3=

Li zh uxoh rxw edqnuxswf|5 dqg revhuyh wkdw prqh| lv zruwkohvv diwhu wkh odvw
wudglqj shulrg wkhq wkh frqvwudlqw zloo eh vdwlvhg suhflvho|1 Wkxv zh fdq frqvlghu
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Lw lv vwudljkwiruzdug wr revhuyh wkdw wkhuh zloo eh d vroxwlrq zlwk P  A 3 dqg
 A 31 Ixuwkhupruh vxssrvh wkdw zh kdyh vroyhg prgho 4 dqg kdyh d frpshwlwlyh
htxloleulxp vhw ri sulfhv1 Jlyhq wklv lqirupdwlrq zh duh deoh wr fdofxodwh wkh zhdowk
5

Lq vhyhudo rwkhu sxeolfdwlrqv wkh lpsruwdqw ihdwxuh ri dfwlyh edqnuxswf| kdv ehhq ghdow zlwk> vhh
Vkxeln dqg Zlovrq/ 4<::> Gxeh|/ Jhdqdnrsorv dqg Vkxeln/ 4<;;1
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ri doo lqglylgxdov1 Ohw wkh zhdowk ri dq lqglylgxdo l eh z 1 Li wkh lqlwldo prqh| vxsso|
lv jlyhq rxw lq sursruwlrq wr wkh z wkh vroxwlrq zloo frlqflgh zlwk wkdw ri wkh FH1
Wklv lv looxvwudwhg lq wkh vlpsoh h{dpsoh fdofxodwhg ehorz1
Zh frqvlghu wkh jdph zkhuh hdfk lqglylgxdo kdv P xqlwv ri dw/ W|sh 4 kdv +d> 3,/
W|sh 5 kdv +3> d,1 Doo wudghuv duh uhtxluhg wr vhoo doo dqg wr elg wr ex|1 Li wkh| zlvk
k
wkh| pd| eruurz iurp dq rxwvlgh edqn1 D vwudwhj| e| d wudghu  lv wr elg +ek
 > e2 ,
k
zkhuh li ek
 . e2 A P wkh wudghu dxwrpdwlfdoo| eruurzv/ li wkh elgv duh ohvv wkdq P
6
kh vdyhv1
Dq lqglylgxdo ri W|sh 4 dwwhpswv wr
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vlploduo| iru W|sh 5
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e . e22
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d
Iru  A 3 d v|pphwulf vroxwlrq |lhogv
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P +4 . , 
d
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/ e @
/ { @ / g @
dqg  @
=
d
5
5

5P +4 . ,

Iru  @ 3 sulfh lv xqerxqghg zlwk P A 31
Iru  $ 4/ s $ P@d/ e $ P@51
Wkh fkdqjh lq wkh udwh ri lqwhuhvw rqo| orzhuv wkh sulfh ohyho zkloh ohdylqj wkh
glvwulexwlrq ri wudgh xqfkdqjhg1 Wkh eruurzlqj dw d srvlwlyh lqwhuhvw udwh frqvxphv
wkh fdvk lq wkh hfrqrp| e| wkh hqg ri wkh jdph1
Li wkh lqlwldo prqh| zhuh qrw glvwulexwhg lq sursruwlrq wr zhdowk dv vxjjhvwhg
deryh/ iru dq| duelwudu| glvwulexwlrq ri zhdowk wkhuh zloo qhyhuwkhohvv eh h!flhqw do0
orfdwlrq ri uhvrxufhv/ exw wkh lqlwldo kroglqjv ri dw lq xhqfh wkh rxwfrph1
Prgho 6= Wkh ElgRhu Jdph zlwk Doo Pdunhwv
Lq wklv glvfxvvlrq wkh zrug  rdw lv xvhg lq wkh eurdg vhqvh wr lqfoxgh qrw rqo|
edqnlqj wudqvdfwlrqv lq olper/ exw dq| jds lq wlph/ hyhq d iudfwlrq ri d vhfrqg/ lq
wkh frxuvh ri wudqvdfwlrqv zkhuh wkh vwudwhjlf uhvrxufhv duh xqdydlodeoh wr doo sduwlhv1
Wklv pd| dsshdu wr eh d plqru lqvwlwxwlrqdo dqqr|dqfh lq ghyhorslqj d wkhru| ri
htxloleulxp sulfh exw wkh vhtxhqwldo ihdwxuh ri wudgh dqg wkh qlwhqhvv ri wudqvdfwlrqv
wlph dsshdu wr eh fulwlfdo lq wkh vwxg| ri surfhvv1
Ehiruh zh frqwudvw wkh vhoodoo prgho zlwk doo ixwxuhv pdunhwv zlwk wkh vhoodoo
prgho zlwk vsrw pdunhwv rqo|> zh frqwudvw wkh vhoodoo prgho zlwk wkh elgrhu
prgho1 Wkh glhuhqfh ehwzhhq wkh iruphu dqg wkh odwwhu lv wkdw lq wkh iruphu doo
jrrgv sdvv wkurxjk wkh pdunhwv> lq wkh odwwhu lqglylgxdov pd| frqvxph wkhlu rzq
lqyhqwrulhv dqg vhqg rqo| d iudfwlrq wr wkh pdunhw1
6
Dowhuqdwlyho| zh frxog kdyh wkh wudghu eruurz _ dqg elg vr wkdw K n K2 $  n _ 1 Wklv
glvwlqjxlvkhv d ordq iurp d fuhglw olqh1
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Wkh sxusrvh ri wklv frpsdulvrq lv wr looxvwudwh/ e| h{dpsoh/ wzr srlqwv1 Wkh| duh
wkh glhuhqfhv lq wkh sulfh ohyho iru wkh vdph dprxqw ri prqh| dqg wkh glhuhqfhv
lq wkh vwudwhjlf zruwk ri prqh| wr wkh lqglylgxdov1
D vwudwhj| e| d wudghu  ri w|sh 4 lv wr rhu dq dprxqw ri wkh uvw jrrg t k iru
vdoh dqg elg dq dprxqw ek iru wkh vhfrqg jrrg1 D vwudwhj| iru d wudghu  ri w|sh 5 lv
wr rhu dq dprxqw u ri wkh vhfrqg jrrg iru vdoh dqg elg dq dprxqw g iru wkh uvw
jrrg1
Wkh rswlpl}dwlrq iru d wudghu ri w|sh 4 lv7
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Dv zh frqvlghu d w|sh v|pphwulf htxloleulxp zh glvshqvh zlwk wkh k dqg  ghqrwlqj d vshflf
djhqw iurp d frqwlqxxp ri vpdoo djhqwv h{fhsw iru wkh lqwhjudov lq ghqlqj sulfh1
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Zkhq  A 3 zh frqmhfwxuh/ wkhq hvwdeolvk wkh h{lvwhqfh ri d w|sh v|pphwulf
htxloleulxp +WVQH,1 Li vxfk dq htxloleulxp h{lvwv wkhq e @ g/ u @ t/ s @ s2 /
 @ 2 @ 1
Zh rewdlq
t@

P +4 . ,
P +4 . ,+5 . ,
d
/e@
/ dqg s @
5.

d

Wklv |lhogv dv qdo hqgrzphqwv iru d wudghu=


iru w|sh 4
iru w|sh 5





d
e
d
>
d  t>
@ d
s
5. 5.


 
d
4.
d
>
5. 5.





@



4.
d
d>
5.
5.



Wklv glvsod|v wkh zhoo nqrzq lqh!flhqf| zhgjh lq wkh glhuhqfh ehwzhhq ex|lqj
dqg vhoolqj sulfhv1




Zh rewdlq wkdw iru  @ 3 wkh glvwulexwlrq lv @2 @2 dqg @2 @2 exw s lv xqerxqghg1
Dv  lqfuhdvhv wkh zhgjh ehwzhhq ex|lqj dqg vhoolqj lv lqfuhdvhg1
Wdeoh 4 frpsduhv wkh vhoodoo prgho zlwk elgrhu iru dq hyhq glvwulexwlrq ri
prqh| zlwk  @ 4/ P @ 4/ d @ 41
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Wkh h{wud qrwdwlrq uh hfwv s @ wkh vhoolqj sulfh ri jrrg 4 wr wudghu 4/ zkloh s2 @
wkh ex|lqj sulfh ri jrrg 5 wr wudghu 41
Prgho 7= Wkh VhooDoo Jdph zlwk Vsrw Pdunhwv Rqo|
Li wkhuh duh rqo| vsrw pdunhwv wkhq wudgh pxvw wdnh sodfh hyhu| shulrg1 Wkh
rswlpl}dwlrq fdq eh sodqqhg dv=
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Lq prgho 5 zkhq doo ixwxuhv pdunhwv duh suhvhqw doo pdunhwv duh rqo| dfwlyh iru
wkh uvw shulrg dqg li P lv wkh wrwdo dprxqw ri rxwvlgh prqh| dw wkh vwduw wkh ohyho
ri +ixwxuhv, sulfhv lv jlyhq e|=
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A
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Wkh qhw prqh| kroglqjv dw wkh vwduw ri hdfk shulrg ryhu wlph duh
+P> 3> ===> 3,=
Lq prgho 7 wkh prqh| kroglqjv zloo eh ghshqghqw rq wkh suroh ri wkh lq rz ri wkh
uhdo dvvhwv1 Frqwudvwlqj wkh frqvwudlqwv rq wkh rswlpl}dwlrq lq prgho 5 zlwk prgho 7
lq hdfk lqvwdqfh wkhuh lv rqo| rqh elqglqj frqvwudlqw1 Lq htxdwlrqv +58, rqo| wkh odvw
lpsrvhv d frqvwudlqw dv fuhglw lv xqolplwhg iru wkh rwkhuv1
D vlpsoh h{dpsoh looxvwudwhv wkh xsshu dqg orzhu erxqgv rq sulfhv dqg pdunhw
dfwlylw| ghshqglqj rq wkh xvh ri ixwxuhv ru vsrw pdunhwv1 Frqvlghu d vhoodoo hfrqrp|
dw lwv vlpsohvw1 Lw odvwv iru W shulrgv/ doo djhqwv kdyh d xwlolw| ixqfwlrq ri wkh irup=
A
[
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 |3 *+{| ,/ 3 ?   4=

Hdfk djhqw kdv rzqhuvkls wr rqh xqlw ri lqsxw dw wlph w ri d shulvkdeoh1 +4> 4> ===> 4,
ghvfulehv wkh rzqhuvkls fodlpv1 Wkh htxloleulxp vroxwlrq lv wulyldoo| dxwdufklf11 Hdfk
frqvxphv klv rzq uhvrxufhv1 Exw vxssrvh doo pxvw ex| wkurxjk wkh pdunhwv dqg hdfk
lv jlyhq P xqlwv ri prqh| dw wkh vwduw wrjhwkhu zlwk wkh srvvlelolw| ri eruurzlqj iru
rqh shulrg/ ru ghsrvlwlqj dw dq lqwhuhvw udwh ri 1
Zh frqvlghu wkuhh h{dpsohv iru looxvwudwlrq1
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Jhqhudo Frpphqw

Lq wkh h{dpsohv deryh fdvk frxog eh lqyhvwhg dqg hduq wkh udwh / exw li xvhg lq wudgh
lw hduqv qrwklqj1 Li zh lpdjlqhg d Jhvhoo vw|oh ri prqh| zlwk frxsrqv zlwk wkh udwh
W ?  dwwdfkhg wr wkh fdvk wkh dqdo|vlv vwloo jrhv wkurxjk1
Li zh frqvlghu dq hfrqrp| zlwk q w|shv ri wudghu/ W shulrgv dqg dq| qxpehu
ri frpprglwlhv zlwk wkh vhoodoo uhtxluhphqw hdfk shulrg/ wkhq iru dq| uhjxodu suhi0
huhqfhv wkh deryh revhuydwlrqv krog1 Wkh edvlf revhuydwlrq lv phuho| wkdw rqh fdq
wuhdw dq| gxudeoh ru vwrudeoh zklfk fdq odvw  shulrgv dv xs wr  wudgdeoh frpprgl0
wlhv1 Wkhq rqh revhuyhv fdvk rzv1 Ohw L| eh wkh lqfrph lq shulrg w dqg H| eh wkh
S
h{shqglwxuh1 Iru jhqhudo htxloleulxp zh kdyh A|' +L|  H| , @ 3> iru vhoo doo
A
[
|'

++4 . ,|3 L|  +4 . ,| H| , . P +4 . ,| @ 3=

Wkh vhoodoo prgho kdv wkh surshuw| wkdw lw hpskdvl}hv wkh prqhwdu| frqwuro
v|vwhp1 Iru h{dpsoh li wkhuh zhuh vrph djhqwv zlwk prqh| exw zlwk qr uhdo uhvrxufhv
zkdwvrhyhu wkh| zrxog sduwlflsdwh lq wkh hfrqrp|1 Ixuwkhupruh zlwk d glvwulexwlrq
ri prqh| rwkhu wkdq rqh lq zklfk doo xvh doo ri wkhlu fdvk wr qdqfh wudgh +ru wkh rdw,
wkrvh zlwk vxusoxv prqh| uhodwlyh wr wkh frpshwlwlyh ydoxdwlrq ri wkhlu uhvrxufhv pd|
ehfrph edqnhuv ru ohqghuv lq d prqh| pdunhw1
Wkh jhqhudo prgho vxjjhvwhg khuh fdq eh h{whqghg wr wkh lqqlwh krul}rq1 Exw iru
dq| qlwh krul}rq eruurzlqj zloo qrw eh vwdwlrqdu| hyhq wkrxjk lqsxwv duh vwdwlrqdu|/
dv wkh fdvk pxvw eh frqvxphg e| wkh hqg1 Dv wkh krul}rq ohqjwkhqv vwdwlrqdulw| lv
dssurdfkhg1
Zkhq wkh udwh ri lqwhuhvw lv }hur dqg P A 3 wkhuh lv d vlqjxodulw| lq wkh v|vwhp1
Wkh htxdwlrqv fdqqrw eh vroyhg dv wkh fdvk fdqqrw eh frqvxphg1 Lw lv d krw srwdwr
dv qr rqh zlvkhv wr kdyh ydoxhohvv fdvk diwhu wkh hqg ri wkh W shulrg hfrqrp|1 Zlwk
 A 3 ghew wdnhv fduh ri wklv18
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Wlph/ G|qdplfv wkh Sulfh Ohyho dqg
wkh Euhdnlqj ri V|pphwu|

Wkh exloglqj ri d surfhvv prgho dqg wkh qdqflqj ri wkh rdw pd| dsshdu dw uvw
jodqfh wr eh d plqru dgmxvwphqw ryhu wkh jhqhudo htxloleulxp dqdorjxh1 Krzhyhu
lw vxjjhvwv vhyhudo fulwlfdo glhuhqfhv1 Wkh lqwurgxfwlrq ri prqh| hqdeohv xv wr iru0
pxodwh hdvlo| d ixoo surfhvv prgho zklfk vhwv xs wkh qhfhvvdu| frqglwlrqv wr vwxg|
g|qdplfv1 Wkh h{lvwhqfh ri dq rxwvlgh ru fhqwudo edqn frpelqhg zlwk wkh odfn ri
lqwulqvlf ydoxh ri wkh dw shuplwv wkh hfrqrp| wr ehfrph fdvk frqvxplqj dv orqj dv
wkhuh lv vrph fdvk lq wkh hfrqrp| zklfk grhv qrw kdyh dq rvhwwlqj ghew djdlqvw lw1
Doo rwkhu qdqfldo lqvwuxphqwv dsshdu lq sdluv dv lv vkrzq lq grxeoh hqwu| errnnhhs0
lqj1 Wkh dw prqh| vxsso| pd| eh ydulhg e| fkdqjlqj wkh ohyho ri wkh ghew1 Exw
zkdw lv vxjjhvwhg khuh lv wkdw dw wkh vwduw wkhuh pxvw eh vrph dw wkdw uhpdlqv dv
8

Wklv kdv ehhq revhuyhg lq Vkxeln +4<;3,/ Gxeh| dqg Jhdqdnrsorv +4<<5, dqg Vkxeln +4<<9,1
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dq dvvhw diwhu doo ghewv duh fdqfhohg1 Wkxv lw zloo eh wkh rqo| qdqfldo lqvwuxphqw iru
zklfk wkhuh lv qr rvhw1 Lw lv olnh d frpprglw| prqh| lq wkdw dvshfw1 Exw ehfdxvh lw
lv lqwulqvlfdoo| ydoxhohvv lw lv frqvxphg e| wkh hqg ri wkh jdph1 Wklv krzhyhu phdqv
wkdw wkhuh lv qr orqjhu wkh vfdolqj lqghwhuplqdf| lq wkh sulfh ohyho wkdw lv suhvhqw lq
d jhqhudo htxloleulxp hfrqrp|1
Prvw prghuq hfrqrplhv duh kljko| +exw qrw shuihfwo| prqhwl}hg,1 Li wkh hfrqrp|
zhuh ixoo| prqhwl}hg +l1h1/ doo dvvhwv sdvv wkurxjk wkh pdunhw hdfk shulrg= wkh vhoo0doo
prgho, wkhq qrw rqo| grhv wkh suhvhqfh ri d srvlwlyh dprxqw ri dw prqh| qdqfh
wkh rdw exw lw grhv vr h!flhqwo|1
Lq dq| qlwh krul}rq hfrqrp| eruurzlqj fdqqrw eh vwdwlrqdu|1 Krzhyhu dv wkh
krul}rq ehfrphv orqjhu iru d jlyhq vhw ri vwdwlrqdu| lqsxwv dqg {hg lqlwldo dprxqw ri
prqh| wkh udwh ri lqwhuhvw uhtxluhg wr frqvxph lw dssurdfkhv }hur lq wkh ryhuodsslqj
jhqhudwlrqv vwdwlrqdu| vwdwh +ru lw lv  lq wkh g|qdvw| ru lqqlwh olih prgho,1 Wkh
vroxwlrq ghshqgv rq edqnuxswf| frqglwlrqv ehlqj vxfk wkdw vwudwhjlf edqnuxswf| grhv
qrw sd|1 Wkh dprxqw ri prqh| uhtxluhg lv P A 31 Exw ehfdxvh xqlwv duh duelwudu|/
zlwkrxw dq| orvv ri jhqhudolw| zh fdq vhohfw wkh dprxqw ri prqh| iru zklfk wkhuh
lv qr rvhwwlqj dvvhw wr eh vxfk wkdw P @ 4 dqg dgmxvw wkh edqnuxswf| shqdow| lq
whupv ri wkh prqhwdu| xqlw vr wkdw lw lv vx!flhqw wr glvfrxudjh edqnuxswf|1
Lq pdq| ri wkh prghov ri d prqhwdu| hfrqrp| +iru h{dpsoh/ Gxeh| dqg Jhdqdnr0
sorv 4<<5> Krro/ 4<:9> Ehzoh|/ 4<;3> Judqgprqw dqg \rxqhv/ 4<:6> Oxfdv> 4<;3
Vkxeln/ 4<:6/ 4<<9, wkhuh lv d wudqvdfwlrqv odj ri rqh shulrg1 Wkh ohqjwk ri wkh sh0
ulrg lv xvxdoo| qrw vshflhg1 Doo wkdw pdwwhuv lv wkdw lw lv qrw }hur1 Jlyhq wkdw lw
lv vrph qlwh w/ li wkhuh lv dq rxwvlgh edqn zklfk zloo eruurz ru ohqg dw d srvlwlyh
udwh ri lqwhuhvw wkh lqglylgxdov zloo frqvxph wkh fdvk lq qdqflqj wkh rdw1 Wklv lv
qrw vhhq fohduo| lq wkh lqqlwh krul}rq ehfdxvh wkhuh lv d vlqjxodulw| zkhq  @ 3 dqg
d ixoo vwdwlrqdu| vwdwh zlwkrxw wkh suhvhqfh ri rxwvlgh prqh| lv ihdvleoh1 Wkh rdw
lv qdqfhg dw qr frvw/ ixoo v|pphwu| h{lvwv zlwk qr qdqfldo lqvwuxphqw zlwkrxw dq
rvhwwlqj lwhp djdlqvw lw/ wkh prgho ehfrphv hvvhqwldoo| wlphohvv dqg wkh sulfh ohyho
lv qr orqjhu ghwhuplqhg1 Dulvwrwoh*v ylhz ri prqh| dv hvvhqwldoo| eduuhq lv eruqh rxw
lq d vwdwlrqdu| vwdwh lq dq ROJ prgho zlwk  @ 31
Dv pdunhwv ehfrph pruh h!flhqw dqg joredo/ dqg lq vrph lqvwdqfhv duh rshq
frqwlqxrxvo| 57 krxuv d gd|/ lw pd| dsshdu wkdw frqwlqxrxv wlph prghov surylgh
wkh lqvljkwv lqwr hfrqrplfv1 Dowkrxjk wudqvplvvlrq vshhgv pd| dssurdfk wkh vshhg
ri oljkw/ pdq| surgxfwlrq dqg frqvxpswlrq surfhvvhv uhtxluh vl}hdeoh dprxqwv ri
wlph1 Ixuwkhupruh wkh nh| hohphqwv lq qdqfh duh hydoxdwlrq/ shufhswlrq dqg ulvn
dvvhvvphqw1 Wkhvh wdnh wlph dqg/ doo rwkhu wklqjv ehlqj htxdo/ wkhuh lv d wudghr
ehwzhhq dffxudf| dqg hydoxdwlrq wlph1 Wkh jhqhudo htxloleulxp sulfh v|vwhp surylghg
ghhs lqvljkwv lqwr wkh vwdwlf surshuwlhv ri surgxfwlrq dqg h{fkdqjh dqg qr lqvljkw
lqwr wkh uroh ri prqh| dqg qdqfh lq jxlglqj wkh hfrqrp|1
Wkh lqwurgxfwlrq ri prqh| dqg qdqfldo lqvwlwxwlrqv lv d uvw vwhs wrzdugv d
yldeoh hfrqrplf g|qdplfv zkhuh wkh hpskdvlv vzlwfkhv pruh wrzdugv sureohpv lq
shufhswlrq/ hydoxdwlrq dqg lqgxfwlrq udwkhu wkdq dq h{dplqdwlrq ri htxloleulxp frq0
glwlrqv1 Wkh prgho suhvhqwhg khuh ghdov rqo| zlwk frqvxpswlrq dqg h{fkdqjh1 Lq
Sduw 5 wkh dqdo|vlv zloo eh h{whqghg wr surgxfwlrq dqg qdqfh1 E| sd|lqj dwwhqwlrq
44

wr wkh glvwlqfwlyh qlwh wlplqj glhuhqfhv dprqj surgxfwlrq surfhvvhv/ frqvxpswlrq
surfhvvhv> dqg wkh iuhtxhqf| ri wudgh lq pdunhwv iru jrrgv dqg vhuylfhv dqg qdqfldo
pdunhwv lw ehfrphv srvvleoh wr frqvwuxfw d irupdo prgho qhhghg wr hvwlpdwh krz
pxfk prqh| lv uhtxluhg wr qdqfh wkh rdw/ wkh zrunlqj fdslwdo dqg fdslwdo vwrfn
ri dq hfrqrp|1 Lq grlqj wklv wkh rqh shulrg dvshfwv ri d fdvk lq dgydqfh frqvwudlqw
ehfrph luuhohydqw1
Wkh dssursuldwh surfhvv prghov duh d pl{wxuh ri frqwlqxrxv wlph zlwk glvfuhwh
hyhqwv lpsrvhg rq wkh hvvhqwldoo| frqwlqxrxv qdqfldo pdunhwv1 Wkh nh| ihdwxuh lv
wkdw dw prqh| lv iuhtxhqwo| xvhixo lq wkh g|qdplf surfhvv ri uxqqlqj pdunhwv dqg
iruplqj sulfhv zkhuh lw surylghv dq lqglylgxdoo| dqrq|prxv v|pero ri wuxvw1 Lwv suhv0
hqfh dv dq dvvhw euhdnv wkh v|pphwu| lpsrvhg e| wkh vwxg| ri wudgh dw htxloleulxp
dqg surylghv wkh h{wud ghjuhh ri iuhhgrp lq wkh hfrqrplf v|vwhp shuplwwlqj sulfh
irupdwlrq uhjdugohvv ri htxloleulxp frqglwlrqv1 Wkh odfn ri ydoxh ri wkh sdshu lv d
yluwxh lq uhprylqj wkh vwdwlf lqghwhuplqdf| lq sulfh wkdw lv suhvhqw lq wkh prqh|ohvv
jhqhudo htxloleulxp prgho1 Wkh dprxqw ri prqh| uhtxluhg wr uxq dq hfrqrp| gh0
shqgv rq wkh sk|vlfdo idfwv ri wkh wlph odjv lq wudqvdfwlrqv/ surgxfwlrq dqg wlplqj
glhuhqfhv lq wkh frqvxphuv* lqfrph dqg frqvxpswlrq1 Ghwdlov dv vxjjhvwhg e| d
vwxg| vxfk dv Ruu +4<:3, duh fulwlfdo wr wklv hydoxdwlrq1
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D Frpphqw rq Wlph/ Hqgrjhqrxv dqg H{rjhqrxv
Xqfhuwdlqw|

Li huuru lv lqfuhdvhg dv kxpdqv wu| wr shuirup/ dw ohdvw vrph ri wkhlu dfwlylwlhv idvwhu/
wkhq xqghu dq| uhdvrqdeoh phdvxuh ri rswlpdolw| wkh dssursuldwh prgho ri hfrqrplf
dfwlylw| zloo kdyh glvfuhwh wlph ghflvlrqv lq dq hfrqrp| zlwk dq hqgrjhqrxvo| jhqhu0
dwhg udqgrp frpsrqhqw1
Dv vrrq dv lqglylgxdov wu| wr dgmxvw hyhq iru wkhlu hqgrjhqrxvo| jhqhudwhg xqfhu0
wdlqw| wkh| pd| uhtxluh suhfdxwlrqdu| uhvhuyhv dv wkh| pd| eh xqdeoh wr uhsd| ghew1
Wkh vl}h ri uhvhuyhv zloo ghshqg/ qrw rqo| rq suhihuhqfhv dqg uhvrxufhv/ exw rq wkh
ohyho ri shufhswlrq/ edqnuxswf|/ ghidxow dqg vhwwohphqw uxohv1
Li wkhuh zhuh dovr h{rjhqrxv xqfhuwdlqw| suhvhqw zlwkrxw frpsohwh pdunhwv prqh|
zrxog dovr eh khog iru vshfxodwlrq uhvhuyhv1 Ixuwkhupruh zlwk xqfhuwdlqw| erwk wkh
shufhswlrq dqg ulvn dyhuvlrq dvshfwv ri eruurzlqj dqg ohqglqj ehfrph uhohydqw1 Pxfk
ri fuhglw judqwlqj fdq +dqg lv, surylghg e| dq lqvlgh prqh| pdunhw ru edqnlqj v|v0
whp zklfk grhv qrw uhtxluh dq rxwvlgh +dqg hvvhqwldoo| ulvn qhxwudo jryhuqphqw edqn,1
Exw ulvn dvvhvvphqw pd| ohdg wr fuhglw uhvwulfwlrq dqg wkh lqwhuwhpsrudo htxdwlrqv
ghvfulelqj fdvk rzv/ eruurzlqj dqg ohqglqj shulrg0e|0shulrg lq Prgho 7 ehfrph
srwhqwldo frqvwudlqwv rq wkh rswlpl}dwlrq1

Uhihuhqfhv
Ehzoh|/ W1/ 4<;31 Wkh Rswlpxp Txdqwlw| ri Prqh|/ lq M1 K1 Nduhnhq dqg Q1
Zdoodfh +hgv1,/ Prghov ri Prqhwdu| Hfrqrplhv1 Plqqhdsrolv= Ihg1 Uhv1 Edqn
ri Plqqhdsrolv/ ss1 49<5431
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Gheuhx/ J1/ 4<8<1 Wkhru| ri Ydoxh1 Qhz \run= Zloh|/ 4<8<1
Gxeh|/ S1/ M1 Jhdqdnrsorv dqg P1 Vkxeln/ 4<;;1 Edqnuxswf| dqg H!flhqf| lq d
Jhqhudo Htxloleulxp Prgho zlwk Lqfrpsohwh Pdunhwv/ FIGS ;:<1
Gxeh|/ S1 dqg M1 Jhdqdnrsorv/ 4<<51 Wkh Ydoxh ri Prqh| lq d Ilqlwh Krul}rq
Hfrqrp|= D Uroh iru Edqnv/ lq Sduwkd Gdvjxswd/ Grxjodv Jdoh/ Rolyhu Kduw
dqg Hulf Pdvnlq +hgv1,/ Hfrqrplf Dqdo|vlv ri Pdunhwv/ ss1 73:7771
Gxeh|/ S1 dqg O1 V1 Vkdsoh|/ 4<<71 Qrqfrrshudwlyh H{fkdqjh zlwk d Frqwlqxxp ri
Wudghuv= Wzr Prghov/ Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 56+6,= 5865<61
Gxeh|/ S1 dqg P1 Vkxeln/ 4<:;1 Wkh Qrqfrrshudwlyh Htxloleuld ri d Forvhg Wudglqj
Hfrqrp| zlwk Pdunhw Vxsso| dqg Elgglqj Vwudwhjlhv/ Mrxuqdo ri Hfrqrplf
Wkhru| 4:+4,= 4531
Judqgprqw/ M0P1 dqg \1 \rxqhv/ 4<:61 Rq wkh H!flhqf| ri Prqhwdu| Htxlole0
ulxp/ Uhylhz ri Hfrqrplf Vwxglhv 73= 47<4981
Krro/ U1E1/ 4<:91 Prqh|/ H{shfwdwlrqv dqg wkh H{lvwhqfh ri Whpsrudu| Htxlole0
ulxp/ Uhylhz ri Hfrqrplf Vwxglhv 76= 76<7781
Oxfdv/ U1H1/ 4<;31 Htxloleulxp lq d Sxuh Fxuuhqf| Hfrqrp|/ Hfrqrplf Hqtxlu|
76= 53654<1
Ruu/ G1/ 4<:31 Fdvk Pdqdjhphqw dqg wkh Ghpdqg iru Prqh|1 Sudhjhu= Qhz \run1
Vkdsoh|/ O1 V1 dqg P1 Vkxeln/ 4<::1 Wudgh Xvlqj Rqh Frpprglw| dv d Phdqv ri
Sd|phqw/ Mrxuqdo ri Srolwlfdo Hfrqrp| ;8+8,= <6:<9;1
Vkxeln/ P1/ 4<:61 Frpprglw| Prqh|/ Roljrsro|/ Fuhglw dqg Edqnuxswf| lq d
Jhqhudo Htxloleulxp Prgho/ Zhvwhuq Hfrqrplf Mrxuqdo 44+4,= 576;1
Vkxeln/ P1/ 4<;31 Wkh Fdslwdo Vwrfn Prglhg Frpshwlwlyh Htxloleulxp/ lq M1
K1 Ndudnhq dqg Q1 Zdoodfh +hgv1,/ Prghov ri Prqhwdu| Hfrqrplhv1 Ihghudo
Uhvhuyh Edqn ri Plqqhdsrolv/ ss1 <:4631
Vkxeln/ P1/ 4<<91 Wlph dqg Prqh|/ lq Z1 Euldq Duwkxu/ Vwhyhq Gxuodxi dqg
Gdylg Odqh +hgv1,/ Wkh Hfrqrp| dv d Frpsoh{ Hyroylqj V|vwhp LL1 Uhdglqj/
PD= DgglvrqZhvoh|/ 4<<:/ ss1 5965;61
Vkxeln/ P1 dqg F1 Zlovrq/ 4<<:1 Wkh Rswlpdo Edqnuxswf| Uxoh lq d Wudglqj
Hfrqrp| Xvlqj Ildw Prqh|/ ]hlwvfkulwv i u Qdwlrqdoùnrqrplh := 66:6871
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